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The gravitational deflection angle of light for an observer and source at finite distance from a
lens object has been studied by Ishihara et al. [Phys. Rev. D, 94, 084015 (2016)], based on
the Gauss-Bonnet theorem with using the optical metric. Their approach to finite-distance cases
is limited within an asymptotically flat spacetime. By making several assumptions, we give an
interpretation of their definition from the observer’s viewpoint: The observer assumes the direction
of a hypothetical light emission at the observer position and makes a comparison between the fiducial
emission direction and the direction along the real light ray. The angle between the two directions
at the observer location can be interpreted as the deflection angle by Ishihara et al. The present
interpretation does not require the asymptotic flatness. Motivated by this, we avoid such asymptotic
regions to discuss another integral form of the deflection angle of light. This form makes it clear that
the proposed deflection angle can be used not only for asymptotically flat spacetimes but also for
asymptotically nonflat ones. We examine the proposed deflection angle in two models for the latter
case; Kottler (Schwarzschild-de Sitter) solution in general relativity and a spherical solution in Weyl
conformal gravity. Effects of finite distance on the light deflection in Weyl conformal gravity result
in an extra term in the deflection angle, which may be marginally observable in a certain parameter
region. On the other hand, those in Kottler spacetime are beyond reach of the current technology.
PACS numbers: 04.40.-b, 95.30.Sf, 98.62.Sb
I. INTRODUCTION
The gravitational deflection angle of light is of great
importance in modern gravitational physics, since the pi-
oneering experimental test of the gravitational deflection
of light was done by Eddington [1]. The gravitational
deflection angle of light plays also a fundamental role in
the successful observations of gravitational lensing, which
enable to measure a dark matter distribution, extra solar
planets and so on. Notably, the Event Horizon Telescope
team has recently reported a direct imaging of the imme-
diate vicinity of the central black hole candidate of M87
galaxy [2].
In a conventional derivation of the gravitational deflec-
tion angle of light, a source (denoted by S) of light and
an observer are assumed to be located at infinite distance
from a lens object (denoted by L). Therefore, the asymp-
totic flatness of the spacetime is required. In the rest of
this paper, the observer is called the receiver (denoted by
R) in order to avoid a notational confusion between rO
and r0 (the closest approach) by using rR. In astronomy,
indeed, the distance from the source to the receiver is
finite. Therefore, a lot of attempts have been made to
discuss finite-distance effects on the gravitational deflec-
tion angle of light (e.g. [3]).
Gibbons and Werner proposed an alternative way of
deriving the gravitational deflection angle of light [4].
They also assumed that the source and receiver are lo-
cated at an asymptotically Minkowskian region. They
used the Gauss-Bonnet theorem [5] to a spatial domain
described by the optical metric, with which a light ray
is described as a spatial curve. Their method has been
largely applied to many spacetime models especially by
Jusufi and his collaborators [6–9].
In order to investigate finite-distance effects on the
light deflection in a static and spherically symmetric
spacetime, Ishihara et al. have proposed a method that
extends Gibbons and Werner’s idea [10]. This method by
Ishihara et al. has been generalized to study a strong de-
flection case, axisymmetric spacetimes such as the Kerr
solution and a rotating wormhole and also a deficit angle
model [11–14]. Their extensions are still limited within
asymptotically flat spacetimes, because an integration
range of the Gaussian curvature includes the asymptot-
ically flat region in the space described by the optical
metric.
It is interesting to extend Ishihara et al. method to
a spacetime that is not asymptotically flat. The main
results of this paper are two. First, by making several
assumptions at the receiver location, we give an inter-
pretation to their definition of the deflection angle. This
interpretation does not require the asymptotic flatness.
Secondly, motivated by this, we avoid such asymptotic
regions to discuss another integral form of the deflection
angle of light based on the Gauss-Bonnet theorem. Irre-
spective of whether the spacetime is asymptotically flat,
the proposed form of the deflection angle allows us to
describe finite-distance effects on the gravitational de-
flection angle of light.
This paper is organized as follows. In Section II, the
definition of the deflection angle by Ishihara et al. is in-
terpreted at the receiver position. We propose another
form of the deflection angle based on the Gauss-Bonnet
theorem, such that we can avoid treating asymptotic re-
gions. In Section III, we examine the proposed definition
of the deflection angle of light in two examples; Kot-
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2tler (Schwarzschild-de Sitter) solution in general relativ-
ity and a spherical solution in Weyl conformal gravity.
Finite-distance effects in these models are mentioned.
Section IV is devoted to the conclusion. Throughout this
paper, we use the unit of G = c = 1.
II. AVOIDING THE ASYMPTOTIC REGION
A. The deflection angle proposed by Ishihara et al.
Following Reference [10], we shall briefly summarize
the Ishihara et al. method and their definition. We con-
sider a static and spherically symmetric spacetime. The
metric can be written as
ds2 = gµνdx
µdxν
= −A(r)dt2 +B(r)dr2 + C(r)dΩ2, (1)
where dΩ2 ≡ dθ2 + sin2 θdφ2 and φ is associated with
the rotational symmetry. This metric form allows for a
wormhole solution with a throat as well as a black hole
spacetime. If we choose C(r) = r2, then, r denotes the
circumference radius.
Ishihara et al. proposed a definition of the gravita-
tional deflection of light, which does not require a receiver
and source of light at the infinite distance from a lens ob-
ject [10]. See also [15] for discussions on its observability.
The definition by Ishihara et al.[10] is
α ≡ ΨR −ΨS + φRS , (2)
where ΨS and ΨR are the angles between the radial di-
rection and the light ray at the source position and at
the receiver position, respectively, and φRS is a coordi-
nate angle between the receiver and source. See Figure 1.
For instance, Rindler and Ishak proposed an alternative
definition of the deflection angle by their assuming that
the lens, receiver and source are aligned in the Kottler
spacetime [16, 17]. Their work received a lot of atten-
tion [3, 18–22]. Recently, Arakida made an attempt to
give another definition of the deflection angle [23]. How-
ever, he compared geodesics which belong to two differ-
ent spacetimes. Therefore, it is an open issue whether
his method can be mathematically justified. Motivated
by Arakida’s attempt, Crisnejo, Gallo and Rogers [24]
proposed an alternative definition of the deflection an-
gle, where the integration domain for the Gauss-Bonnet
theorem is a finite quadrilateral. See also Figure 2 and
Eq. (11) in Reference [24].
Without the loss of generality, the photon orbital plane
can be chosen as the equatorial plane (θ = pi/2). By using
the energy of the photon (E) and the angular momentum
(L), the impact parameter of the light ray is defined as
b ≡ L
E
=
C(r)
A(r)
dφ
dt
. (3)
rS(  =  S)
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FIG. 1. The light ray and radial directions. The angle
between the light ray and the radial direction at the receiver
is ΨR and that at the source is ΨS . The coordinate angle
between the receiver and the source is φRS = φR − φS .
By using b in the null condition ds2 = 0, we obtain the
orbit equation as(
dr
dφ
)2
+
C(r)
B(r)
=
{C(r)}2
b2A(r)B(r)
. (4)
ds2 = 0 is solved for the time coordinate as
dt2 = γIJdx
IdxJ
=
B(r)
A(r)
dr2 +
C(r)
A(r)
dφ2, (5)
where I and J denote r and φ. We refer to γIJ as the op-
tical metric. γIJ defines a two-dimensional Riemannian
space, in which the light ray is described as a spatial
geodetic curve with γIJ but not gIJ . By using γIJ , the
angles ΨR and ΨS in Eq. (2) are defined.
The Gauss-Bonnet theorem can be expressed as [5]
∫∫
T
KdS +
N∑
a=1
∫
∂Ta
κgd`+
N∑
a=1
θa = 2pi, (6)
where T is a two-dimensional orientable surface with
boundaries ∂Ta (a = 1, 2, · · · , N) that are differentiable
curves, θa (a = 1, 2, · · · , N) denote jump angles, K de-
notes the Gaussian curvature of the surface T , dS is the
area element of the surface, κg means the geodesic curva-
ture of ∂Ta, and ` is the line element along the boundary.
See Figure 2. The sign of the line element is chosen such
that it can be consistent with the surface orientation.
Ishihara et al. [10] consider a quadrilateral ∞R ∞S ,
which consists of the spatial curve for the light ray, two
outgoing radial lines from R and from S and a circular
arc segment Cr of coordinate radius rC (rC → ∞) cen-
tered at the lens which intersects the radial lines through
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FIG. 2. Schematic figure for the Gauss-Bonnet theorem.
The inner angle is εa and the outer (jump) angle is θa.
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FIG. 3. Quadrilateral ∞R ∞S embedded in a curved space.
the receiver or the source. See Figure 3. They re-
strict themselves within the asymptotically flat space-
time; κg → 1/rC and d` → rCdφ as rC → ∞ (See e.g.
[4]). Hence,
∫
Cr
κgd` → φRS . By using these things
in the Gauss-Bonnet theorem for the domain ∞R ∞S , we
obtain
α = ΨR −ΨS + φRS
= −
∫∫
∞
R ∞S
KdS. (7)
Eq. (7) shows that α is invariant in differential geome-
try and α is well-defined even if L is a singularity point,
because the domain ∞R ∞S does not contain the point L.
It follows that α = 0 in Euclidean space. This is because
K vanishes in Euclidean space and the area integral of
K thus vanishes.
B. Interpretation of the deflection angle of light by
Ishihara et al.
Is Eq. (2) the deflection angle of light? Yes, but Ishi-
hara et al. have not clearly discussed this issue. There-
fore, we shall discuss it here.
Rigorously speaking, the parallel transport of the pho-
ton direction is done by following the null geodesic. Con-
sequently, there is no deflection of light in the full descrip-
tion of the null geodesic. When we discuss the deflection
of light, therefore, we have to introduce a reference direc-
tion and compare the difference between the fiducial di-
rection and the real light ray. This procedure imitates the
Eddington experiment which made, at the receiver posi-
tion, a comparison between the observed (lensed) image
direction and the intrinsic (unlensed) source direction.
There can be various and different definitions of such
a reference direction in a general curved space. In this
paper, we define a reference direction in the following
manner. Where is a suitable spatial position for defining
the deflection angle? From the viewpoint of observations,
it would be better to choose the receiver position rather
than the source position. Therefore, we allow the receiver
to define the reference direction.
The angles ΨR and ΨS have been already defined. In
principle, the receiver can measure ΨR and the source
can measure ΨS . Is ΨS measured by the receiver? No
for an isotropic emission of light. However, yes for an
anisotropic radiation from the source in principle, as two
of the present authors (Ono and Asada) argued [15].
Hence, we imagine that the receiver knows the direction
angle ΨS of the light emission.
Let us define a reference direction at the receiver point.
See Figure 4. First, we assume also that the receiver
knows the relative angular position φRS between the
source and receiver in the spacetime, for instance from
very precise ephemeris. At the receiver, the radial direc-
tion from the lens object is denoted by rR. The radial
direction at the source is denoted by rS . Instead of rS ,
the receiver defines a fiducial direction r∗S by rotating the
vector rR with the angle φRS .
If the space is Euclid, r∗S equals to rS . This can be eas-
ily understood, when we consider, in a Euclidean space,
a triangle with vertices at the lens, receiver and source
and we use the parallel transport of a line. In a curved
space, the receiver may use the reference direction r∗S as
if it were corresponding to rS , though r
∗
S has no direct
relation with rS in a curved space.
We denote the direction of the true light ray at the
receiver by Γ. Let the receiver define a fiducial direction
(denoted as Γ∗) of the light emission at the receiver po-
sition. Γ∗ is defined by assuming that the angle between
the reference radial direction r∗S and the fiducial emission
direction Γ∗ equals to ΨS .
The receiver can say that the deflection angle of light
α is the angle between the light propagation direction Γ
and the fiducial emission direction Γ∗. Note that Γ and
Γ∗ are defined at the receiver position. By construction,
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FIG. 4. Angles and directions at the receiver. The (black
in color) dotted line corresponds to the radial direction rR
at the receiver. The (black in color) solid line denotes the
tangent vector Γ to the light ray through the receiver. The
(blue in color) dashed line means the fiducial radial direction
r∗S that is assumed by the receiver. The (red in color) solid
line is the hypothetical emission direction Γ∗ that is defined
by the receiver. The angle between the radial direction rR
and the light ray Γ is denoted as ΨR. The receiver defines
the fiducial radial direction r∗S , such that the angle between
rR and r
∗
S can be the same as φRS . The receiver defines also
the hypothetical emission direction Γ∗, such that the angle
between Γ∗ and r∗S can be the same as ΨS . As a result, the
angle between the light ray Γ and the hypothetical emission
direction Γ∗ is ΨR −ΨS + φRS .
α becomes ΨR −ΨS + φRS . This is an interpretation of
α.
C. Another integral form of the deflection angle of
light
The above interpretation of the deflection angle does
not require the asymptotic flatness, while the integral in
Eq. (7) needs r → ∞. This motivates us to reexamine
Eq. (7). We consider the following region that is defined
by using the receiver, source and the closest approach of
the light ray. See Figure 5 for this domain. The bound-
aries of this region are the radial lines through R or S,
the light ray from S to R, and the circle arc segment C0
with radius of the closest approach r0. This domain is
divided into two trilaterals. We denote one trilateral con-
taining the receiver point by DR and the other trilateral
containing the source point by DS . In both of them, the
inner angle at the closest approach is zero, because the
radial coordinate r in a light ray has a minimum at the
closest approach.
For the domain DR in Figure 5, we use the Gauss-
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FIG. 5. DR and DS . DR is a trilateral specified by the
points R, P0 and PR. DS is that specified by the points S,
P0 and PS .
Bonnet theorem to obtain∫∫
DR
KdS +
∫ P0
PR
κgd`−ΨR + pi
2
= 0, (8)
where P0 denotes the periastron (the closest approach).
In the similar manner for DS , we obtain∫∫
DS
KdS +
∫ PS
P0
κgd`+ ΨS − pi
2
= 0. (9)
By combining Eqs. (8) and (9), we find
ΨR −ΨS =
∫∫
DR+DS
KdS +
∫ PS
PR
κgd`. (10)
Hence, α in Eq. (2) is rewritten as
α =
∫∫
DR+DS
KdS +
∫ PS
PR
κgd`+ φRS . (11)
The right-hand side of this equation contains the radial
coordinate r ∈ [r0, rR] or [r0, rS ]. Indeed, this radial in-
terval is exactly the same as that for the light ray from
the source to the receiver. On the other hand, the inte-
gration range for the radial coordinate in Ishihara et al.
is r ∈ [r0,∞] . Therefore, they needed the asymptotic
flatness for treating r ∼ ∞. The new form of α by Eq.
(11) is better than the previous form by Eq. (7), in the
sense that Eq. (11) does not require the asymptotic flat-
ness. Note that neither Eq. (7) nor Eq. (11) needs any
constraint on the lens point L. Namely, the lens object
in the present method can be a black hole with a horizon
or a wormhole with a throat.
Please see the next section for Eq. (11) in asymptoti-
cally nonflat spacetime models.
5III. EXAMPLES IN ASYMPTOTICALLY
NONFLAT SPACETIMES
A. Kottler spacetime
As a first example of asymptotically nonflat space-
times, we consider the Kottler solution [25]. The line
element is
ds2 =−
(
1− rg
r
− Λ
3
r2
)
dt2 +
(
1− rg
r
− Λ
3
r2
)−1
dr2
+ r2(dθ2 + sin2 θdφ2), (12)
where rg and Λ are constants. For this spacetime, the
optical metric on the equatorial plane (θ = pi/2) becomes
γrr =
(
1− rg
r
− Λ
3
r2
)−2
, (13)
γφφ = r
2
(
1− rg
r
− Λ
3
r2
)−1
. (14)
In the following, we use the linear approximations in rg
and Λ. We thus neglect O(r2g) and O(Λ
2).
The Gaussian curvature is calculated as
K =
Rrφrφ
det(γIJ)
= −rg
r3
+
rgΛ
r
− Λ
3
+O
(
r2g ,Λ
2
)
, (15)
where the Riemann tensor is calculated by using γIJ .
The area element on the equatorial plane is
dS =
√
det(γIJ)drdφ
= r
(
1− rg
r
− Λ
3
r2
)− 32
drdφ. (16)
We define u as the inverse of r. The photon orbit
equation is written as
(
du
dφ
)2
=
1
b2
− u2 + rgu3 + Λ
3
. (17)
The iterative solution is obtained as
u =
sinφ
b
+
rg
2b2
(1 + cos2 φ)
+
bΛ
6
sinφ+
rgΛ
6
(1 + cos2 φ) +O(r2g ,Λ
2). (18)
By using the above equations, we obtain∫
DR+DS
KdS =
rg
b
(√
1− b2u2S +
√
1− b2u2R
)
− bΛ
6
(√
1− b2u2S
uS
+
√
1− b2u2R
uR
)
+
rgbΛ
12
(
1√
1− b2u2S
+
1√
1− b2u2R
)
+
(
b2Λ
6
− rg
b
− rg
3
bΛ
)
φRS
+O(r2g ,Λ
2). (19)
The geodesic curvature along a line is [12]
κg = ijkN
iAjT k, (20)
where ijk is the Levi-Civita tensor, Ni denotes the unit
normal vector to the surface, Aj is the acceleration vector
of the line, and T k means the unit tangent vector along
the line. For the circle arc segment with radius r0, A
j is
the acceleration vector of the arc segment, and T k is the
unit tangent vector along the arc. The exact form of the
geodesic curvature becomes
κg =
1
r20
(
r0 − 3
2
rg
)
. (21)
∫ PS
PR
κgd` =− φRS + rg
b
φRS +
rgbΛ
3
φRS − b
2Λ
6
φRS
+O
(
r2g ,Λ
2
)
. (22)
Combining Eqs. (19) and (22) leads to the deflection
angle as
αKottler =
rg
b
(√
1− b2u2S +
√
1− b2u2R
)
− bΛ
6
(√
1− b2u2S
uS
+
√
1− b2u2R
uR
)
+
rgbΛ
12
(
1√
1− b2u2S
+
1√
1− b2u2R
)
+O
(
r2g ,Λ
2
)
, (23)
where the leading order terms in φRS cancel out. Eq.
(23) fully agrees with Eq. (37) in Ishihara et al. (2016)
[10]. Note that Ishihara et al. (2016) obtained this equa-
tion by using the form of ΨR − ΨS + φRS but not by
using their integral form as
∫
∞
R ∞S
KdS. Note that their
integral diverges. This divergent behavior is merely be-
cause the integral in Ishihara (2016) is ill-defined for the
asymptotically nonflat cases. In Kottler spacetime, K
diverges as r →∞.
We briefly discuss how the finite distance affects the
light deflection in Kottler spacetime. For the simplic-
ity, we assume uR = uS ≡ U and focus on the coupling
6between the mass and the cosmological constant. A func-
tion V (U) for this coupling is defined as the third line of
Eq. (23)
V (U) ≡ rgbΛ
6
√
1− b2U2 . (24)
Please see Figure 6 for the difference as V (U)− V (0).
Note that Kottler solution does not allow r →∞ (U → 0)
but V (U) is finite as r → ∞. This figure shows how
the light deflection at finite-distance receiver and source
differs from that when the receiver and source are at in-
finity. In this figure, we assume that the lens mass is
m ∼ 1015M (as a cluster of galaxies), Λ = (rH)−2 ∼
10−52m−2, and b = 1 Mpc, where rH denotes the Hub-
ble horizon radius ∼ 10 Gpc. The largest difference of
V (U)−V (0) is ∼ 10−3 microarcseconds for rR = rS ∼ b.
Even the largest difference is thus beyond reach of the
current technology. Here, we ignore the pure de-Sitter
term (the second line) in Eq. (23) for the deflection an-
gle in the Kottler model. This term does not make any
sense at infinity (rR, rS → ∞) and indeed it diverges
there. However, we should note that the coupling part
between rg and Λ (the third line) in Eq. (23) remains fi-
nite at infinity, though it may make no physical meaning
there. For readers’ convenience, we rearrange only the
coupling part in Eq. (23) as
rgbΛ
12
(
1√
1− b2u2S
+
1√
1− b2u2R
)
=
rgbΛ
6
+
rgbΛ
12
(
1√
1− b2u2S
+
1√
1− b2u2R
− 2
)
,
(25)
where the first term in the second line is the deflection at
infinity and the second term denotes the finite-distance
effect.
We mention also M87∗, the central black hole candi-
date of M87. The finite rS is fully taken into account
in general relativistic simulations around the black hole.
Therefore, we consider finite distance to the receiver in
this paragraph. We focus on the coupling term contain-
ing rR, rg and Λ, which is expressed by the second term in
the third line of Eq. (23). This term is ∼ 10−26 where we
assume rR ∼ 16Mpc ∼ 1023m, rg ∼ 7×109M ∼ 1013m,
b ∼ 10rg ∼ 1014m, Λ ∼ 10−52m−2. Therefore, the effect
by finite rR in Kottler model can be safely ignored also
for M87∗.
B. Spherical solution in Weyl gravity
For the next example, we consider a static and spher-
ically symmetric solution in the conformal Weyl gravity
[26]. The metric for this solution is
ds2 = −B(r)dt2 +B−1(r)dr2 + r2(dθ2 + sin2 θdφ2).
(26)
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FIG. 6. Effects of the finite distance on the deflection of light
in Kottler spacetime. The vertical axis denotes the difference
V (U) − V (0), where uR = uS = U and V (U) is defined by
Eq. (24). The horizontal axis is U , for which we consider a
range as
√
Λ < U < (10b)−1. Here, we assume that the lens is
a cluster of galaxies with mass 1015M, Λ = (10Gpc)−2, and
b = 1 Mpc for the simplicity. The values of U to 0.1 - 1000
Mpc−1 mean that the receiver and source are located within
10Mpc - 1kpc from the lens. This situation is not realistic in
astronomy. Therefore, we do not consider these values of U
in this plot.
Here, we assume m 1/γ. Namely, mγ  1. Therefore,
we can neglect m2γ(= m × mγ  m). B(r) can be
approximated as
B(r) = 1− 3mγ − 2m
r
+ γr − kr2. (27)
For the conformal Weyl gravity, Birkoff’s theorem was
proven [27]. Several authors made attempts to calculate
the deflection angle in this spacetime [10, 28–32].
In the Kottler spacetime, we have studied the squared-
r term in the metric. For simplifying our analysis, we
neglect k to choose k = 0.
For this spacetime, the optical metric on the equatorial
plane (θ = pi/2) becomes
γrr = [B(r)]
−2, (28)
γφφ = r
2[B(r)]−1. (29)
In the following, we consider the small deflection and
weak field approximations. Namely, m b rR, rS and
rR, rS  1/γ. We focus on the linear-order effects by γ.
Hence, we neglect O(γ2).
The Gaussian curvature is calculated as
K =− 2m
r3
− 3mγ
r2
+O
(
m2, γ2
)
, (30)
where the Riemann tensor is calculated by using γIJ .
The area element on the equatorial plane is
dS =
√
det(γIJ)drdφ
= r[B(r)]−
3
2 drdφ. (31)
7The photon orbit equation becomes(
du
dφ
)2
=
1
b2
− u2 + 2mu3 + 3mγu2 − γu. (32)
The iterative solution is obtained as
u =
sinφ
b
+
m
b2
(1 + cos2 φ)− γ
2
+O(m2, γ2), (33)
where terms at O(mγ) do not appear.
By using the above equations, we obtain∫
DR+DS
KdS =
2m
b
(√
1− b2u2S +
√
1− b2u2R
)
−mγ
(
buS√
1− b2u2S
+
buR√
1− b2u2R
)
− 2m
b
φRS
+O(m2, γ2). (34)
The exact form of the geodesic curvature is calculated
as
κg =
1
r0
(
1− 3m
r0
− 3mγ + γ
2
r0
)
. (35)
The integral of the geodesic curvature is∫ PS
PR
κgd` =− φRS + 2m
b
φRS +O
(
m2, γ2
)
. (36)
Combining Eqs. (34) and (36) leads to the deflection
angle as
αWeyl =
2m
b
(√
1− b2u2S +
√
1− b2u2R
)
−mγ
(
buS√
1− b2u2S
+
buR√
1− b2u2R
)
+O
(
m2, γ2
)
, (37)
where terms at O(γ) do not appear. Eq. (37) coin-
cides with Eq. (42) in Ishihara et al. (2016) [10]. Note
that Ishihara et al. (2016) obtained the same equation
through ΨR − ΨS + φRS but not the integral form as∫
∞
R ∞S
KdS. Note that this integral diverges. This diver-
gent behavior is merely because the integral domain in
Ishihara (2016) is ill-defined for the asymptotically non-
flat cases. For the spherical model in Weyl gravity, K
remains finite but its area integral diverges as r → ∞
[10].
Note that the mγ coupling term in Eq. (37) vanishes
in the limit as rR, rS →∞. Therefore, this coupling term
does not appear in the literature [29–32] before Reference
[10]. Ishihara et al. (2016) [10] suggests the existence of
this term. However, their integral diverges and hence it
has been an open issue whether this term exists. By using
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FIG. 7. Effects of the finite distance on the deflection of
light in Weyl gravity. The vertical axis denotes the difference
|W (U) −W (0)|, where uR = uS = U and W (U) is defined
by Eq. (38). The horizontal axis is U , for which we consider
a range as γ < U < (10b)−1. Here, we assume that the lens
mass is 1015M, γ = (10Gpc)−1, and b = 1 Mpc for the
simplicity.
the well-defined integral, the present paper confirms that
the mγ-coupling term results from the finite distance.
Finally, we discuss how the finite distance affects the
light deflection for the spherical model in Weyl gravity.
We assume uR = uS ≡ U and focus on the coupling
between the mass and the γ parameter. A function W (U)
due to this coupling is defined by the second line of Eq.
(37) as
W (U) ≡ −2mγ bU√
1− b2U2 . (38)
W (U) is negative if γ > 0. This means that this term is a
negative correction to the deflection angle if γ is positive.
Please see Figure 7 for the difference as |W (U)−W (0)|,
where W (0) = 0. This figure shows how the light de-
flection at finite-distance receiver and source differs from
that when the receiver and source are at infinity. In
this figure, we assume that the lens mass is 1015M,
γ = (rH)
−1, and b = 1 Mpc. The largest differ-
ence of |W (U) −W (0)| is ∼ O(102) microarcseconds, if
rR ∼ rS ∼ 10 × b. This effect as ∼ O(102) microarc-
seconds is marginally within the current VLBI accuracy.
Therefore, the Weyl gravity model in the parameter re-
gion γ ∼ (rH)−1 may be relevant with the current obser-
vation. However, Eddington-type measurements (which
use the source and Earth motion and make a comparison
between a lensed image position and an unlensed posi-
tion) cannot be used for a light source such as a quasar
at cosmological distance. Further investigations of how
to test the mγ coupling term in Weyl gravity by lensing
observations at cosmological distance are left for future.
Interestingly, effects of finite distance in Weyl gravity
may be relevant to the current observation, though those
in Kottler are negligible as discussed in Section III.A.
Why does such a crucial difference occur? The reason is
the dependence on rH . For the simplicity, we assume that
8bU is small but not so negligible, for instance bU ∼ 1/10.
Eq. (24) is roughly approximated as
V (U) ∼ 1
6
(
rg
rH
)2(
b
rg
)
, (39)
where Λ ∼ (rH)−2 and we neglected b2U2 ∼ 10−2 . On
the other hand, Eq. (38) is roughly approximated as
W (U) ∼ −1
5
(
m
rH
)(
bU
1/10
)
, (40)
where γ ∼ (rH)−1. V (U) is significantly suppressed by
the inverse square of rH and thus it is negligible, while
W (U) is proportional to the inverse of rH and thus it is
mildly small but not so negligible.
For readers’ convenience, we rearrange Eq. (37) as
αWeyl = α
∞
Weyl + α
F
Weyl, (41)
where α∞Weyl is αWeyl at infinity (rR, rS →∞) and αFWeyl
denotes the finite-distance effect on the light deflection.
α∞Weyl =
4m
b
+O
(
m2, γ2
)
. (42)
αFWeyl =
2m
b
(√
1− b2u2S +
√
1− b2u2R − 2
)
−mγ
(
buS√
1− b2u2S
+
buR√
1− b2u2R
)
+O
(
m2, γ2
)
. (43)
IV. CONCLUSION
From the receiver’s viewpoint, we made an attempt to
provide a physical interpretation of the deflection angle
defined by Ishihara et al. [10]. This interpretation does
not need the asymptotic flatness. Therefore, this inter-
pretation encouraged us to seek another integral form of
the deflection angle of light. The proposed integral form
of the deflection angle can be used not only for asymptot-
ically flat spacetimes but also for asymptotically nonflat
ones. By doing explicit calculations, we examined the
proposed deflection angle in two asymptotically nonflat
spacetime models; the Kottler solution and a spherical
solution in Weyl conformal gravity.
According to the present order-of-magnitude estimate,
the extra deflection angle in Weyl gravity is within accu-
racy of the current VLBI, if some parameter values are
in a certain range. Further investigations of how to test
Weyl gravity by lensing observations are needed. On the
other hand, effects of finite distance in Kottler spacetime
can be safely ignored.
Extensions to a case without spherical symmetry and
so on are left for future.
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